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MéS dau

Cho f(x) € Z[x] 1a mot da thiic chuan (monic) hé sé nguyen bac n
va khong ¢6 nghiém phitc kép. Goi D(f) 1a biét thic cia f. Cho p la
mot s6 nguyen to 1é va goi F, = Z/pZ la trudng hitu han c¢6 p phan tu.
Goi f(z) € F,[z] 1a da thic nhan dugc tit f bang cach thu gon hé sb
modulo p. Goi r 14 s6 nhan ti bat kha quy cta f. Khi d6 mot dinh 1y cta
Stickelberger khang dinh ring » va n c6 ciing tinh chin 1é, tic 1a r = n
(mod 2), khi va chi khi D(f) la binh phuong modulo p.

Muc tiéu ctia luan vin 1 tim hiéu vé ching minh ctia Dinh 1y Stickel-
berger nay ciing nhu tng dung cua né trong chitng minh luat thuan nghich
bac hai.

Ngoai phan Md dau, Két luan va Tai lieu tham khéo, bé cuc clia luan
van duge chia lam ba chuong.

Chuong 1. Mot s6 kién thitc chuan bi
Chuong nay trinh bay mot s6 kién thic vé két thitc ctia hai da thiic,
biét thitc cia da thitc vd dong cau Frobenius.

Chuong 2. Dinh 1y Stickelberger
Chuong nay trinh bay vé Dinh 1y Stickelberger, mot s6 vi du minh hoa,
va mot tuong ty cta dinh 1y nay cho da thic thuyc.

Chuong 3. Dinh 1y Stickelberger va luat thuan nghich bac hai
Chuong ndy trinh bay vé ky hiéu Legendre, luat thuan nghich bac hai
va mot chitng minh cta luat nay sit dung Dinh 1y Stickelberger.

Luan van nay dugc thuyc hién va hoan thanh vao thang 5 nam 2019 tai
truong Dai hoc Khoa hoc- Dai hoc Thai Nguyén. Qua day, tac gia xin bay
t6 long biét on sau sic t6i TS Nguyén Duy Tan, ngudoi da tan tinh hudéng
dan trong sudt qua trinh lam viéc dé hoan thanh luan vin nay. Tac gia
xin gt 10i cAm on chan thanh dén Khoa Toan-Tin, Truong Dai hoc Khoa,
hoc - Dai hoc Thai Nguyén, da tao moi diéu kién dé gitp tac gia hoc tap
va hoan thanh luan vin cling nhu chuwong trinh thac si. Tac gia ciing xin
gtii 16 cAm on t6i tap thé 16p cao hoc K11D, khéa 05/2017 - 05/2019 da
dong vién gitp do tac gia trong qué trinh hoc tap va hoan thanh luan van



nay. Dong thoi tac gia xin giii 10i cdm on t6i Ban gidm hiéu va cac dong
nghiép tai truong THCS Hung Dao, Dong Triéu, Quang Ninh da tao diéu
kién cho tac gid trong sudt qué trinh hoc tap va hoan thanh luan van.
Xin chan thanh cam on.
Thai Nguyén, thang 5 nam 2019
Xac nhan ciua ngusi huéng dan Nguoi viét luan vin

TS. Nguyén Duy Tan Dam Thi Ngoc Tam



Chuong 1. Mot sé kién
thitc chuan bi

Chuong nay trinh bay mot s6 kién thic vé két thic clia hai da thic,
biét thic clia da thiic va dong cau Frobenius. Tai lieu tham khéo st dung
cho chuong nay la tai liéu [2, Section 6.6] va [3, Chapter 15].

1.1 Két thic ctaa hai da thiic

Gia st f, g 1a hai da thic bién z v6i cac hé s6 trong mot trudng F.
Gia st K 13 mot truong dong dai s6 chita F. Goi oy, ..., «, 13 tit ci cac
nghiém (ké ca boi) ctia f trong K, tic 1a

f(x) =a(x —a1)(x — aa)...(x — av,), v6i a € K nao do.

Tuong tu, goi S, ..., B 12 tat ca cAc nghiem (ké c boi) clia g trong K,
tic la

g(x) = bz — B1)(x — Po)...(x — Bn), v6i b € K nao do.
Ta dinh nghia két thitc ctia f va g, R(f, g) 1a
R(f,g) = a™0" [[[(2i = 8)) (n=degf,m=degg).
i=1 j=1

Ta liet ké dudi day mot s6 tinh chat ctia két thic.

Tinh chat 1.1.1. R(g, f) = (—1)""R(f, g).



Chiing minh. Ta c6

R(g,f)=a"v" [ 1] (8 —WWHH = Bj) = (=1)"R(f,9).

j=11=1 1=1 j=1

Ta c6 diéu phai chiing minh O

Tinh chat 1.1.2. R(f,g) = 0 néu f va g c6 mot nhan ti chung bdc
duonyg.

Chiing minh. Néu f va g c6 mot nhan t1t chung 13 h(z) € Flz]. Khi d6 goi
a € K mot nghiém cta h trong K. Nhu vay ton tai ¢, j sao cho o; = a va
B = a. Ta suy ra trong tich dinh nghia R(f,g) c6 nhan td oy — 5; = 0
va do vay R(f,g) =0. O

n

Tinh chat 1.1.3. R(f,g) = amHg(ai) = (—1)m”b"Hf(ﬁj).
j=1

1=1

Chitng minh. Vi g(z) = b[[;_,(z — B:), nén ta c6 g(a;) = b][j_; (i — B;),

v6i moi 2 = 1,...,n. Do vay
a H o —amb”HH R(f,9).
1=1 =1 j=1

Tuong tu (hodc stt dung Tinh chat 1.1.1) ta suy ra

R(f.9) = (=)™ ][ £(8)).

Tinh chat 1.1.4. Néu g(x) = fq+r, thi R(f,g) = a™ 8" R(f, 7).
Chatng minh. Tu Tinh chat 1.1.3, ta c6

n

R(f,g) = a™ [ [ glas) = a®=* ] [[F(ei)a(e) + r(e))

i=1



Vi o; 1a nghiém cta ctua f, nén f(q;) =0 va do vay f(a;)q(ay) +r(ay) =
r(a). Do d6 ta c6

R(f,g) = a®®9 ] [ r(c).
i=1
Mit khéc, ciing theo Tinh chat 1.1.3 R(f,r) = a®" [\, 7(s). Do vay

R(f,9) = =9 [ [ r(es) = a5 R( 1 7).
=1

[]
Tinh chat 1.1.5. R(f,b) = b/ néu b la vo hudng.
Ching minh. Dat g(z) = b. Theo Tinh chat 1.1.3
R(f.g)=a"] [ gles) =b"
i=1
[]

Cac Tinh chat 1.1.1,1.1.4, 1.1.5 cho phép ta tinh toan két thic clia bat
ki hai da thic ndo bang thuat todn chia ctia Euclid. Cac tinh chit nay
ciing cho phép ta ching minh dugc rang két thic R(f,g) 1a mot phan
ti ciia truong F' miac du n6é duge dinh nghia dya theo cdc phan tit trong
truong 16n hon K.

Tinh chat 1.1.6. Ta c¢é R(f,g) ndm trong F.

Chatng minh. Ta ching minh bang quy nap theo deg f. Néu ¢ = b 1a
hing s6 thuoc F. Thi theo Tinh chat 1.1.1 va 1.1.5, R(f,g9) = R(b, f) =
R(f,b) = b" thuoc F.

Gia st khang dinh da ding v6i moi moi da thiic f va g v6i f c6 bac nhé
hon hodc bang n — 1. Xét f va ¢ 1a hai da thic tuy § véi deg f =n > 1.
Khi d6 theo thuat toan chia da thic, ton tai hai da thic ¢ va r trong F[z]
sao cho

g=rfa+r,
v6i r = 0 hodc degr < deg f = n. Theo Tinh chat 1.1.4, Tinh chat 1.1.1
va theo gid thiét quy nap ta c6 R(f,g) = R(f,r) = £R(r, f) thuoc F. Ta
c6 diéu phai ching minh. []



Tinh chéit 1.1.7. Ta ¢6

1. Néu f = fifs thi R(f,g) = R(f1,9)R(f2, 9).

2. Neu g = g1g2 th R(f, g) = R(f, g1)R(f, g2)-
Chatng minh. Suy ra tit Tinh chat 1.1.3. O

1.2 Biét thirc cua da thic

Cho f = f(x) € Flz] 1a da thic v6i hé s6 trong trudng F' va K 1a mot
trudng dong dai sé chita F.
Biét thic cua f duge dinh nghia 1a

D(f) = (=1)""DER(f, f),

§ day f’1a dao ham ctia f va n = deg f.

Theo Tinh chat 1.1.2, ta ¢c6 D(f) # 0 néu va chi néu f va f’ khong c6
thita s6 chung.

Chiing ta c6 the tinh toan D(f) bang céch st dung thuat toan Euclid
trén f va f’. Dudi day 1a mot s6 vi du.

D(f) = (=1)"2R(f,1) = R(f,1) = 1%*/ = 1.

Vi du 1.2.2. Xét f(z) = 2>+ ax +b. Khi d6 f'(z) = 2z +a va D(f) =
—R(f, f'). Ta co

2 _ r,e 4
x+ax+b—(2x+a)(2+4)+(b 4).

o2
Datr:b—Z.Tacé

D(f)=—=R(f, [
= —R(f',f) (theo Tinh chat 1.1.1)
— gdee/=deer(_1)R(# 1) ( theo Tinh chit 1.1.4)
= _22_0R(f/7 r)
= —4r = a® — 4b.



Vi du 1.2.3. Cho f(z) = 2° + gz +r. Thi f'(z) = 32* + ¢ va thuc hién
thuat toan Euclid, ta c6

2
22+ qgr+r= (32> +¢q) (§)+ (gqx—i-r),

302+ q = %erfr dr_ 2T + +£TQ
1= \73 2  4q¢? q 42 )

D(f) - (_1)3'2/2R(f7 f/) - _R(f7 f/)
= —R(f',f) (theo Tinh chat 1.1.1)

2 ,
— _gldes /1R, % +7) (theo Tinh chat 1.1.4)

+ 7, f') (theo Tinh chat 1.1.1)

Do do

2qx
— _9QR(ZZ
( 3

2q 2 2qx 27r?
= -9 <—> R(——I—r,q—|—4—q2)

27r?
= —4q¢*(q + _r) = —4q¢® — 27r%

Vi du 1.2.4. Xét f(z) = 2" — 1 € Flz|. Ta di tinh biét thic cta f(x).
Goi a, . . ., ay, 13 n nghiém trong K (mot trudng déng dai s6 chita F') cua
da thic f(z) = 2" — 1. Ta c¢6 f'(z) = na™ L. Do vay

D(f) = (=1)""VER(f, ) = (=1)"" V2T f(ow)
k=1

n n—1
_ (_1)n(n—1)/2nn (H O%>
k=1
_ (_1)n(n—1)/2nn(_1)n(n—1)
_ (_1)n(n—1)/2nn.
Vi theo dinh ly Viéte aq - - - o, = (—1)".

Da thitc f(z) € Flz] dugc goi 1a mot da thitc chuan (monic) néu heé s6
ing v6i s6 mil cao nhat clia n6 bang 1.

Meénh dé 1.2.5. Cho f la mot da thic monic va o, . .., oy la cdc nghiém



